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Abstract: In this paper, we find the infinite series expressions for the values of some fractional analytic functions.
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I. INTRODUCTION

In 1695, the concept of fractional derivative first appeared in a famous letter between L’Hospital and Leibniz. Many great
mathematicians have further developed this field. We can mention Euler, Lagrange, Laplace, Fourier, Abel, Liouville,
Riemann, Hardy, Littlewood, and Weyl. Fractional calculus has important applications in various fields such as physics,
mechanics, electrical engineering, biology, economics, viscoelasticity, control theory, and so on [1-11].

However, the definition of fractional derivative is not unique. Common definitions include Riemann-Liouville (R-L)
fractional calculus, Caputo fractional calculus, Grunwald-Letnikov (G-L) fractional calculus, and Jumarie’s modified R-L
fractional calculus [12-16]. Because Jumarie type of R-L fractional calculus helps to avoid non-zero fractional derivative
of constant function, it is easier to use this definition to connect fractional calculus with traditional calculus.

In this paper, we obtain the infinite series expressions for the values of some fractional analytic functions. Jumarie’s
modified R-L fractional calculus and a new multiplication of fractional analytic functions play important roles in this paper.
Some examples are given to illustrate our results. In fact, our results are generalizations of ordinary calculus results.

I1. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper and its properties.

Definition 2.1 ([17]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

x f(t)— f(xo)
r(1 a) dx fxo (x-t)® dt. @)

(xoD;cl)[f(x)]

And the Jumarie type of R-L a-fractional integral is defined by

(xola) (X)] o fx () dt (2)

Xo (x—t)1-®

where T'( ) is the gamma function.

Proposition 2.2 ([18]): If a,B,x,, ¢ are real numbersand g = a > 0, then

(e D)x = x)F] = 1320 (e = %), 3
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and

(xoD%)lc] = 0. (4)
Next, the definition of fractional analytic function is introduced.

Definition 2.3 ([19]): Suppose that x, x,, and a,, are real numbers for all n, x, € (a, b), and 0 < a < 1. If the function

fo:[a, b] = R can be expressed as an a-fractional power series, that is, f,(x%) = Yo OM (x — x5)™® on some open

interval containing x,, then we say that f,(x%) is a-fractional analytic at x,. In addition, if f,: [a, b] - R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([20]): Let 0 < @ <1, and x, be a real number. If f,(x%) and g,(x%*) are two a-fractional analytic
functions defined on an interval containing x; ,

fa () = Eico iy O = x0)™, 5)

bn
I'(na+1)

9a(x*) = Xnzo (x = x)"* . (6)

Then we define

fa(x*)®q g (x)
= Moo (¢ = %)™ @ Lotz s (= %)™
= 0 trarn (Zheo () anombm) (= 200" @
Equivalently,
fa(x*)®q go ()

®qn

= 2= ‘:In (F(a+1)( _xO)a) Ba L= (F(a+1)( x = %)" )8"1"

= Yn=o ( m=0 (::l) an—mbm) (F(a+1) (x — x0)* )®“n . (8)

Definition 2.5 ([21]): If0 < a < 1,and f,(x%), g,(x%*) are two a-fractional analytic functions defined on an interval
containing x, ,

a Rqn
Fu@®) = B2 (= 1) = N 2 (= — 1)) ©)

F(na+1) [(a+1)

1 ®qn
Gax®) = B roms (6 = %)™ = Lo 2 (rorp (8 = %)) - (10)

The compositions of f,(x%) and g, (x%) are defined by

Balt 11)

(fa a)(xa) = fa(ga(xa)) Zn =07, (ga a))

and

®un

(Ga © [ D) = ga(fa(x®) = Zno ~ (fa(x9)

Definition 2.6 ([22, 23]): If 0 < a < 1, and x is a real variable. The a-fractional exponential function is defined by

(12)

a —_ —_ 1 ®an
Eo(x%) = Xnz 0r(m+1) Ln=o (F(a+1)x ) ’ (13)
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And the a-fractional logarithmic function Ln, (x%) is the inverse function of E,(x%). On the other hand, the a-fractional
cosine and sine function are defined as follows:

@ v (_l)kxzna  wo (-)" 1 « ®q 2n
€05 (x%) = Xazo r2na+1) Ln=o 2n)! (F(a+1)x ) ' (14)
and
. o oo (_1)nx(2n+1)a o (- 1 o ®q (2n+1)
Sing (x%) = Enzo r(@n+la+1) Lin=0 (2n+1)! (F(a+1)x ) ' (15)

Definition 2.7: Let 0 <a <1, and f,(x%*), g,(x*) be two « -fractional analytic functions. Then (fa(x“))®“” =
fe(XM)Qy O fo(x®) is called the nth power of f,(x*). On the other hand, if f,(x*)®, go(x*) = 1, then g, (x*) is
called the ®,, reciprocal of f,(x%), and is denoted by (fa(x“))®“_1.
Definition 2.8 ([24]): Let 0 < @ < 1. If u,(x%) is a a-fractional analytic function and r is a real number. Then the a-
fractional rth power function u, (x*)®«" is defined by

Ue(x)®a” = B (1 Lng (1 (x9)). (16)
Definition 2.9: The smallest positive real number T,, such that E,(iT,) = 1, is called the period of E, (ix%).

Definition 2.10 (fractional binomial series) ([25]): If 0 < a < 1, and r is a real number, then the a-fractional binomial
series

® Qqna
1 2\%" Mn 1 a) ¢ _ Voo M na
(1 + F(a+1)x ) = Y=o n! (F(a+1) x ) = Xin=0 I(na+1) X (17)
where —1 < o +1)x <1l,and (r), =r(r—1) - (r —n + 1) for any positive integer n, (r), = 1.

I11. EXAMPLES

In this section, some examples are proposed to illustrate how to find infinite series expressions for the values of fractional
analytic functions.

Example 3.1: Let 0 < @ < 1. Find E,(1) and E,, G)

Solution Since E,(x*) = Yoo |t follows that

r(
R 1) [T(a+1D)]"
Ea(l) = Zn=0 F(na+1) '’ (18)
and
Brasn]” oo mesnr
() Y=o I(na+1) = Xn=o 2nT(na+1) (19)
Example 3.2: Let 0 < a < 1. Find Ln,(2).
Solution If—-1< T )x < 1, then
a
Ln, (1 + e +1)x )
®q -1
a a
_( L )[( I'(a +1) )
Qg 2 ®qy3
— a a 1 a @ _ 1 a @
- () |1~ + ()™ = ()™
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( 013)[1] - ( 01:?) [l—(:ﬂ)xa] + ( 019?) [(r(alﬂ)xa)@u 2] - ( 01’?) [(F(alﬂ)xa)@a 3] T

Qq2 R 3 Rq 4
=1 05_1( 1 06) “ l( 1 a) @ _l( 1 a) @
I'(a+1) x 2 \I'(a+1) x + 3 \I'(a+1) x 4 \I'(a+1) x +

— 1 a __ i 2a 2! 3a __ 3! 4a

- F(a+1)x F(2a+1)x F(3a+1)x F(4a+1)x +

—_V®© (_1\n n! (n+)a

- Zn:O( D F((n+1)a+1)x ' (20)
Therefore,

_voo [ n ntC(at+1)]?t?
Lng(2) = B~ D" (21)

. n+1

if Yoo o (—1)n BT U oy,

r((n+1)a+1)

Example 3.3: Assume that 0 < a < 1. Find cos, (1) and sin,(1).

Solution Since x*) =X (bl s it follows that
uti ince cosq (x%) = Xm0 iy | W
o (DR [(a+1))?"
c054(1) = T, TRTE D (22)

r2na+1)

(_1)nx(2n+1)a

T(@niDa+D)’ it follows that

On the other hand, since sing, (x%) = Yoo

4 \m. 2n+1
M@y 23)

sing (1) = ¥nso r(n+1)a+1)

5)®ur

. . 3N\®a”
Example 3.4: If 0 < @ < 1 and r is a real number. Find (E) and (5

Solution By fractional binomial series,
3\®a”
G)

(143

_ ' (M)n l . n
= Y=o C(na+1) L2 Fla+ 1)]

_ g0 @all@+r)
= 2o 2T(na+1) (24)

And
6™
-G+

=32 o2 ra + 1))

'(na+1)

_ \'oo ()n-2"™[(a+D)]"
= Y=o 3nIr(na+1) (25)

Example 3.5: Suppose that 0 < ¢ < 1. Find T, .

1
I'a+1)

. ®q 2
Solution If( x“) < 1, then
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arctany, (x%)

1 Qg 2
(04
1+ (I‘(a e ) ]
| 1 ®q 2 1 ®q 4 1 ®q 6
= (ol%) _1 - (F(a+1) xa) + (F(a+1) xa) - (r(a+1)xa> + ]

®q 3 [P Rn7
=1 05_1( 1 06) “ l( 1 a) @ _l( 1 a) @
I'(a+1) x 3 \I'(a+1) x + 5 \I'(a+1) x 7 \I'(a+1) x +

®q -1

2(019?)

=_1! a__ 2 3a 4! 5q¢ _ 6! 7a
=T TGan’ T ream” r(7a+1)
—yo _yn__ @G enida
= Zn:O( 1) r((2n+1)a+1)x . (26)
Hence,
== _ 3o (1) @@
. = arctang (1) = ¥2_o(=1) eTaE——
That is,

@) [r(a+1)]En+D)
r(2n+1)a+1)

Ty =8 Xnzo(=D" , @7)

n)[[(a+1)]n+1)

. w 4\ .
if Yoo(—=1) (@ DarD exists.

IV. CONCLUSION

In this paper, we obtain the infinite series expressions for the values of some fractional analytic functions. Jumarie type of
R-L fractional calculus and a new multiplication of fractional analytic functions play important roles in this paper. In fact,
our results are generalizations of traditional calculus results. In the future, we will continue to study the problems in
fractional differential equations and applied mathematics.
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